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On December 29, 1902, Professor E. H. Moore of the Uni- 
versity of Chicago delivered the Presidential Address before the 
American Mathematical Society, ‘‘On the Foundations of Mathe- 
maties.’’ It is with great hesitation that I make any attempt 
to consider this epoch-making pronouncement of the views and 
visions, ideals and hopes, of this noted mathematician and general 
thinker as regards mathematical content and methods. 
To review Professor Moore’s paper as it should be reviewed 
would require more time than the few minutes which are allotted 
me, and even if there were ample time, I am quite sure that my 
best efforts would fall far short of even adequate justice to its 
far-reaching influence. For this reason and beeause of the pres- 
ent day conditions in our mathematical world I should prefer to 
have you regard this paper as merely a stimulus to re-read Pro- 
fessor Moore’s address with the utmost care, filling in for your- 
selves those thoughts which will naturally arise because of your 
own peculiar environment and point of view. 
Merely for the sake of clarity I shall divide my remarks into 
the following general headings: 
A. Preliminary Statements. 
B. The General Settings in the Years 1901, 1902, 1903. 
C. Desirable Changes Advoecated by Professor Moore. 
D. Goals Set Up That Have Not Been Achieved, OR 
Proposals as to Which There is Still Controversy. 
Necessarily there will be difference of opinion as to the amount 
of emphasis to be placed on the word ‘‘desirable.’’ Necessarily 
also questions will at once arise as to the possibility and practi- 
eability of desirable changes, the rapidity with which they can i” 
be made and the various modes and methods of making them. q 


1 Read at the meeting of the National Council of Teachers of Mathematics, 
Feb. 20, 1926, Washington, D. C. 
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A. Preliminary Statements 

The first part of Professor Moore’s paper concerns itself with 
a brief general discussion of abstract mathematies on the one 
hand and pure and applied mathematies on the other. Keynotes 
are pointed out which are afterwards applied to elementary 
mathematies as follows: 

1. Abstract mathematies involves the use of a definite system 
of undefined symbols in conjunction with a definite system of 
postulates. Its symbolism gives power, rigor and simplicity of 
procedure but, of course, does not obviate essential difficulties in 
a scientific, logical analysis. 

2. All science, logie and mathematies included, is not fixed by 
metes and bounds, but in ideals as well as in achievements is a 
funetion of the epoch. 

3. The division into deductive and induetive sciences cannot be 
wholly maintained and is understood in its entirety by the de- 
votee of science only when he has reached a considerable degree 
of maturity. 

4. The attitude of the practical mathematician towards the 


abstract mathematics and especially its symbolism, is akin to that 
of the practical physicist toward theoretical mathematics, the 
practical engineer toward theoretical mathematics, the practical 
engineer toward theoretical physies of mathematies. 


5. Pure mathematies in its ordinary acceptation may be taken 
as the systematic development of the properties of the funda- 
mental mathematical notions of number and form which were 
among the earliest to enter into the formulas of science, these 
formulas being more or less exaet descriptions of phenomena. 

6. Arithmetic and geometry closely united in mensuration and 
trigonometry early reached a high degree of advancement, but 
the development of the generalized literal notation of algebra 
largely in response to the demands of mechanics, astronomy and 
physics in the 17th century bound arithmetic and geometry still 
more closely together into analytic geometry and caleulus, 
those mighty instruments of research which were developed 
further and further in the 18th and 19th centuries. 

7. Especially during the 19th century came the critical re- 
organization and development of the foundations of pure mathe- 
matics (i.e., ‘the mathematies of precision’) independent of ap- 
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plied mathematies (i.e., ‘the mathematies of approximation’). 
causing a gap towards the bridging of which agencies are at 
work. 

Such is the gist of the preliminary statements made by Pro- 
fessor Moore on December 29, 1902. 


B. The General Settings in the Years 1901, 1902, 1905 

1. John Perry in 1901 at the first session in Glasgow of the 
Section on Edueation of the British Association in connection 
with the section on Mathematies and Physies delivered a paper 
ou ‘The Teaching of Mathematies’’ emphasizing strongly the 
necessity for emancipation from Euclid as the sole authority in 
geometry especially with reference to sequence of propositions, 
and laying emphasis on practical mathematics based upon the 
notions underlying the infinitesimal ealeulus taken as axioms, 
map drawing to a seale, the use of squared paper, the use of 
decimals as numbers, ete. ’ 

He laid down as an absolute pre-requisite that the boy should 
be made familiar by every possible way (experiment, illustration, 


measurement, ete.) with the ideas to which he applies his logie 
and should be thoroughly interested in the subject studied. 


2. This effort of Perry was part of a movement already in ex- 
istence in England for thirty years designed to relieve secondary 
teachers from the burden of a too precise examination system im- 
posed by the great examining bodies, and was followed in Eng- 
land by the appointment of a strong committee under the chair- 
manship of Professor Forsyth to report upon improvement in the 
teaching of mathematics, especially elementary mathematics, and 
means of accomplishment. This report was distinetly favorable, 
though in a cons tive way, and initial changes were started. 


3. In the United States the interest in the Perry movement 
was widespread and intense, and the years 1901, 1902, 1903 were 
notable because of the almost spontaneous formation of associ- 
ations of teachers of mathematics for the vital improvement of 
mathematical teaching, and though necessarily they differed as 
to content, methods of approach, points of emphasis, sequence 
of topies, ete., all were animated by an earnest desire for the 
true development of the flesh and blood child with due regard 
for his personal equation. 
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Among the associations active in the consideration of the Perry 
Movement may be mentioned: The New England Association of 
Teachers of Mathematics; The Central Association of Science 
and Mathematies Teachers, with headquarters in Chieago, which 
was enthusiastic for the Perry Movement; The Association of 
Teachers of Mathematies in the Middle States and Maryland 
(ineluding the District of Columbia) which was more conserva- 
tive. 

The Association of Teachers of Mathematics in the Middle 
States and Maryland was in the process of formation during 
the year 1903 and had its first meeting in New York City, Novem- 
ber 28, 1903. At that meeting the present writer read the first 
paper presented to the Association on *‘The Laboratory Method 
of Teaching Mathematies,’’ setting forth the laboratory method 
which had been in use in the schools of Washington, D. C., for 
many years, the suggestive plan of the Central Association of 
Seience and Mathematies Teachers, and the general conditions 
obtaining at that time. Questions that are vital in 1926 were 
vital in 1903 and many desirable changes now advocated were 
then advocated by many. 

This brings us to the consideration of that part of Professor 
Moore’s address dealing with changes, bearing in mind: 


(1) That Professor Moore spoke from the standpoint of the 
pure mathematician following very closely many of the 
ideas advanced by Professor Perry. 

(2) That the International Commission on the Teaching of 
Mathematies after a comprehensive and exhaustive in- 
vestigation as to faets and conclusions, issued a series of 
reports in 1911, the most vital and interesting of which 
from our immediate point of view being those of the three 
American Commissioners, Professor Smith, Professor 
Osgood, and Professor Young. 

(3) That the World War of 1914 while interrupting the work 
of the Commission created new fields of investigations, 
and methods of dealing with them which has profoundly 
affected all educational problems especially those per- 
taining to mathematies. 

(4) That the Junior High Movement was not in the vision of 
Professor Moore. 
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C. Desirable Changes Advocated by Professor Moore 

1. Diminished emphasis on the systematic and formal side, 
and increased emphasis on the practical side (e.g., on arithmetic 
computation, elements of mechanical drawing, graphic methods, 
ete.) by connecting abstract mathematics with subjects which are 
naturally of interest to the boy and by using ‘those theo- 
rectical processes that may be checked by laboratory processes, 
so as to give to the very young students in their impressionable 
years in a thoroughly conerete and captivating form, in addition 
to trigonometry, the wonderful new notions of the 17th century, 
the essentials of analyties and ecaleulus, and the practical use of 
the first mathematical tools in such a way that they will be inter- 
ested in the theory of the tools themselves and so regard mathe- 
matics as a fundamental reality of the domain of thought and 
not as a collection of symbols and arbitrary rules. 

2. It is pedagogically sound at first to take a large body of 
basal principles, reserving for later years a more philosophical 
treatment starting with a smaller number of such propositions. 

3. As regards elementary schools: The kindergarten methods 
should be extended into the grades, but not to such an extent as 
to prevent appreciation of the abstract methods that come later, 
and the pupils should be trained in powers of observation, ex- 
perimentation, reflection and deduction by direct connection 
with matters of a thoroughly concrete character (e.g., drawing, 
paper folding, elementary mechanical drawing, construction of 
models, graphical representations of one magnitude depending 
on another and their concrete meanings, use of co-ordinate 
paper) thus enriching and vitalizing the materials and methods, 
leading to the study of intuitive geometry and linking geometry 
with numerical and literal arithmetic. 

4. As regards secondary schools: There should be no water- 
tight compartments. The systematic development of theoretical 
physies and of theoretical mathematics should come later. For 
the benefit of the student, at first the physies should be practical 
and likewise in geometry at first there should be emphasis of its 
conerete side with exercises in informal deduction followed by 
the more formal deductive geometry, omitting many axioms and 
taking for granted ordinary properties of measurement and 


‘It is taken that Professor Moore does not mean “only those theoretical 
processes.” 
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motion, early leading up to co-ordinate geometry and *ealeulus in 
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a concrete way (*ealeulus is debatable) without taking into ae- 
count those wonderful related discoveries in abstract geometry 
which should be reserved for later college and university years. 
It would be undesirable to attempt to make complete reforms in 
arithmetic, algebra and geometry all at once. 

5. The laboratory method based on a two-period plan prefer- 
ably, as a means of reform: 


(a) 


(b) 


(e) 


(d) 


(e) 


(f) 


This reform ealls for a thorough laboratory system or 
method of instruction, handling pupils individually or in 
groups so as to develop in each pupil a true spirit of 
research and appreciation of the practical and theoretical 
methods of science, the graph and the number and meas- 
ure relations mutually aiding each other. 

Though it may be admitted that it is impossible to con- 
centrate on more than one thimg at a time, yet the prob- 
lem, given as a matter of course, should involve the use of 
instruments, but should not be given specifically to show 
their use. Also in teaching one thing relations should be 
illuminated by the use of others, and the smaller elements 
of mathematical routine should be attached to and used in 
laboratory problems. 

All results should be checked by at least two distinet 
methods so as to render the student independent of au- 
thority, while in practical problems the amount of error 
permitted in the final result should be indicated. 

The formal proof of a theorem should be preceded by con- 
crete computational or graphical or experimental means 
so as to awaken appreciation of the importance of the 
theorem and a desire for formal proof. 

Each student studies things and not words, utilizes the 
experiences of others in close co-operation with the in- 
structor and all are mutually benefited. 

The students in the secondary schools will see the vital 
relation between the fundamental relations of trigonome- 
try, analytic geometry and ecaleulus, when they are closely 
connected with concrete phenomena and practical educa- 
tion, and with such momentum, in college will be enabled 
to develop individual and effective interests even in formal 
abstract mathematies. 
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Such a full secondary mathematical course in laboratory 
methods in mathematies and physies (again this unifica- 
tion is a question) is best for all who expect to specialize 
in college whether in pure mathematies, or pure physies, 
or in mathematical physies, or in astronomy or in any 
branch of engineering, but this is to be done gradually, 
by evolution not revolution, by voluntary close co-opera- 
tion of teachers and students, by use of computational 
and graphie methods, colored inks and chalks and by lay- 
ing emphasis on the comprehension of propositions. 
Teaching should be made a profession and the junior 
eolleges by means of the laboratory method can offer 
training courses in the pedagogy of secondary mathe- 
matics in a wonderfully effective way, courses which the 
college graduates sadly lack, however well trained they 
may be in content work. 
6. Secondary schools are somewhat hampered by specific col- 
lege requirements and there should be conferences so as to lead 
to close co-operation. 


7. A national organization of science teachers should be 
formed. 


8. The American Mathematical Society should give continuous 
expert attention to the matter and should form two divisions: 
(1) Research; (2) Pedagogy. 
9. All organizations should take up the matter and form a 
clearing house for all ideas. 


D. Goals Set Up That Have Not Been Realized Or 
Proposals as to Which There Is Still Controversy 


Before stating these, attention is here called to the fact that 
in Professor Moore’s address (and in nearly all of the literature 
at that time and for some years afterwards and indeed in late 
years) reference is always made to the boy and not to the girl. 

1. That the movement for the enlargement of strong secon- 
dary schools by the addition of two years of junior college and 
the last two or three years of the grades to form an institution 
like the German gymnasium or the French Lyeée will afford a 
fine opportunity to carry out these reforms is doubtful or at 
least debatable. 
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2. That colleges, especially junior colleges should proceed in- 
dependently to reform their elementary college courses without 
waiting for the secondary schools to reform their courses and that 
the secondary schools should likewise proceed independently to 
reform their courses without reference to the elementary schools 
is doubtful or at least debatable for many reasons. It is acknowl- 
edged that much material will have to be transferred to the lower 
schools. This with changes in methods would cause an unpleas- 
ant hiatus. 

3. That the secondary schools should proceed to organize alge- 
bra, geometry and physies into a thoroughly coherent four years’ 
course (a suggestion made several times) comparable in strength 
and closeness of structure with the four years’ course in Latin 
to be given by men who have received expert training in mathe- 
maties, physies and engineering is doubtful, or at least debatable. 
It is to be here noticed that the readjustments in the Latin courses 
have been very great since Professor Moore delivered his ad- 
dress. 

4. That under the laboratory system outlined there should be 
a thorough laboratory system or method of instruction in unified 
mathematies and physics, and whether there can be a double 
period for such laboratory work is doubtful or at least de- 
batable. 

5. That the fundamental problem is the unification of pure 
and applied mathematics by so arranging the curriculum that no 
branching shall be recognized is doubtful or at least debatable. 

6. That there shall be a continuous relation of mathematical 
problems with problems of physies, chemistry and engineering is 
doubtful or at least debatable. 

7. That the average boy will understand the ideas advanced 
under the laboratory method which illustrate the uniformity of 
convergence is doubtful or at least debatable. 


The above is an earnest attempt, faulty though it is, to give 
some idea of Professor Moore’s remarkable address delivered 
nearly a quarter of a century ago. The more one studies it in 
the light of present day conditions, the more one is impressed 
with its prophetic character. 

The views expressed are not put down in a dogmatic form. 
In many eases they are opinions based upon the then known 
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facts and conditions or are in the form of inquiries; in many 
eases they are expressed as component parts of a vision; in many 
cases views expressed in one part of the address must be read in 
connection with views on the same subject advanced under an- 
other part of the address to obtain their true significance. 

Since then slowly but surely many of the barren spots of 
mathematics have been removed and the whole subject has been 
made more vital. The foundations for effective co-operative 
work were laid in 1902 and 1903; the objectives to be reached, 
which had long been advocated by so many, though not with the 
same emphasis have been more or less harmonized, though, of 
course, all advocates cannot come to the same conclusion. 

The World War served to show that common understandings, 
mutual respect of those holding divergent views, mutual sacri- 
fice for the common good, and kindred attitudes were necessary 
and desirable not only for war, but for peace activities, not only 
in trade but in education. The necessary reorganization of con- 
ditions necessitated readjustment, readaptation to life’s activi- 
ties and preparation to meet them, while the methods used during 
the war necessarily had an effect on all educational, social and 
governmental activities. 

For some time the attitude towards all things has been a criti- 
eal consideration of, and interpretation of ascertained facts to 
be modified if necessary as the field is extended and the methods 
of appraising and measuring the values and relations of those 
facts are perfected. 

The tendencies in mathematics as viewed by progressives have 
been in existence for many years. Those who were more con- 
servative have resisted too great encroachment. Each side had 
advocates of unquestioned ability and integrity. So long as 
there was no opportunity for actual meeting and friendly un- 
official discussions, there were long range controversies produc- 
tive of further misunderstandings. This difficulty is being re- 
moved and mutual confidence has been established which marks 
a red letter day in the progress so much desired by all who have 
in mind the proper development of the child as a social unit of 
most worth to himself, to the community, to the state. 

This mutual confidence which is gradually expanding has 
made it possible to employ a scientific method of approach in 
mathematies akin to that used by scientists and especially by the 
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medical profession: testing by laboratory methods and other 
methods of analysis for the properties and characteristies of the 
product under consideration, and then modifying these results 
by all the other considerations which go to make up the true 
estimate that should eventually hold. 

This is a long and tedious process for the scientist and espeeial- 
ly for a member of the medical profession, while the supreme 
ability, that of accurate diagnostics is even now in its infaney. 

The application of the process to edueation and especially to 
mathematies necessarily must be slow, and set backs must be 
expected through lack of understanding of its purpose, its mode 
of application and action taken on results. An outstanding econ- 
tribution during recent years has been the introduction and the 
development of the scientific method of testing in mathematies 
for: abilities to be developed; useful knowledge to be acquired ; 
proper material to be obtained; sequence of topies in textbooks 
linked with and based on environment with gradual proper de- 
velopment to prepare for real life:—in short a scientifie method 
of testing so as to accomplish the objectives which have been so 
earnestly desired and which heretofore have been based on indi- 
vidual opinions of experts which were controlling and rightly so 
within their special sphere of influence but which might or might 
not apply in all localities. 

The scientific method in mathematics is now entering upon a 
second and necessary phase—that of the extension of the tests 
and the perfection of tests already used based upon the records 
of actual results properly tabulated and extending over a num- 
ber of years and scientifically checked with actual results. 

The makers of these tests are the last to urge that they are 
sacrosanct. It is claimed, however, that they are of inestimable 
value in the hands of the experienced teachers as well as of the 
inexperienced teacher far away from help. These tests do not 
constitute a universal panacea to cure all mathematical ills nor 
are they machines to be used by any one to decide the ultimate 
fate of a pupil. Such work is for the expert. Much less are they 
to be used indiscriminately for diagnostic purposes. Such work! 
is in the stage of infaney. 


1 These tests, not in use when Professor Moore delivered his address, have 
confirmed nearly all of his views in a most impressive manner, while at the 
same time they afford a very sure basis, as pointed out, for future work. 
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The outstanding results of the past twenty-five years of 
progress have been pointed out and need not be restated here. 
The same spirit of mutual help and confidence in impersonal 
methods scientifically applied will continue and the next few 
years will witness a wonderful progress in all matters pertaining 
to things mathematical, in comparison with which the progress 
of the past twenty-five years, great though it is, will seem very 
small. 
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THE FOURTH DIMENSION AND HYPERSPACE 


BY MISS THERESA TROMP 
Instructor in Mathematics Walla Walla High School 


Walla Walla, Washington 

When I was asked to speak to you twenty minutes on the sub- 
ject of the Fourth Dimension and Hyperspace, I at first refused, 
for I thought to talk to mathematicians and scientists about the 
fourth dimension would be as stale as the news that the earth is 
round, but after questioning a few of my friends as to what they 
understood by the fourth dimension and hyperspace, I found 
that very few of them had a clear idea of what it meant. Not 
that I know anything about it, for I like to belong to the School 
of Socrates. When Socrates lived in Athens, it was reported 
that he was the wisest man in Athens, and Soerates said that he 
thought they were right, for he said that he knew nothing, and 
knew that he knew nothing, while the others knew nothing, and 
thought they knew something. Now I claim to know nothing, 
and know that I know nothing, but I will attempt to explain to 
you a few things about what the others think they know. 

I will attempt to explain to you the essential character of 
hyperspace and hypersolids; some of the evidences of a fourth 
dimension, and a few of the latest developments of the subject ; 
also the utility of speculations on the fourth dimension and 
hyperspace. 

The fourth dimension, as you all know, is a space at right 
angles to length, breadth, and thickness. Because we are not 
conscious of fourth dimensional space we must have recourse to 
analogy to help us understand it. We ascertain the relations 
between two dimensions and three dimensions and then establish 
these relations between three dimensions and four dimensions. 
Just as a plane moving in a direction not contained in itself 
would generate a three space, so a three space moving in a diree- 
tion perpendicular to its three dimensions would form a hyper- 
space. Beginning with a straight line, draw another line per- 
pendicular to it, that will determine the direction of the second 
dimension. At their point of intersection, draw a third line 
perpendicular to the first two, that will determine the direction 
of the third dimension. Now at their intersection, imagine a 
line drawn perpendicular to those three, that would determine 
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the direction of the fourth dimension. Obviously, it would con- 
tain the point of intersection, but the remainder of the line would 
stretch out in an unimaginable direction from the inside of that 
point. The fourth dimension of a solid object lies in a direction 
within it. A line perpendicular to those four lines would lie in 
the direction of the fifth dimension and so on. 

With the principles of plane and solid geometry, and with 
making only one assumption, that a line can be drawn perpen- 
dicular to three space, we can build up an entire geometry for the 
fourth dimension. The fourth dimensional geometry is built up 
by analogy. Just as one reasons what one would do to figures 
in a plane to form solids, so by analogy one reasons what would 
be necessary to do to solids to form hypersolids. Just as a square 
has four corners, and a cube eight, so a hypereube would have 
sixteen corners. A square is bounded by four lines, and if you 
move the square through space perpendicular to itself to generate 
a cube, we find that the eube has the four edges of the square in 
its first position, the four edges of the square in its final position, 
and that each corner of the square traced an edge as it moved 
through space, or twelve edges. By analogy a hypercube formed 
by a cube moving perpendicular to three-space would have twice 
the number of edges of the moving cube plus an additional edge 
for each corner of the cube, or thirty-two edges. The cube is 
bounded by six planes, or twice the number of planes in the 
moving square plus a plane for each edge of the square, so the 
hypercube would have twice the number of planes in the moving 
cube plus a plane for each edge of the eube, or twenty-four planes. 
A hypereube would be bounded by eight cubes. One cube at the 
initial position of the moving eube, one at its final position, and 
one cube made by each plane of the moving cube as it moved 
through space. The boundaries of hypersolids would be volumes. 
The solid of any space becomes the boundary of a corresponding 
solid in the next higher space. A section cutting a hypersolid 
into two parts would be three dimensional. A plane cannot 
separate two parts of a hypersolid any more than a line ean 
separate two parts of a solid. The rules for finding the volume 
of hypersolids are derived as the corresponding rules for volume 
are derived in ordinary geometry. Thus the hypervolume of a 
hypereube would be the volume of the base multiplied by the 
altitude. Quite an extensive geometry has already been worked 
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out for the fourth dimension, even including the nature of the 
heeatonicosahedroids, hypersolids with one hundred faces. These 
are only a few of the geometrical deductions, and the dramatic 
results that would accompany a fourth dimension are even more 
amazing. 

By imagining two dimensional beings living in a plane and 
unable to perceive anything of a third dimension, we get a vivid 
idea of our own relation to fourth dimensional space, and a con- 
sideration of what ought to be their attitude toward any concep- 
tion of a space of threa dimensions, makes clearer what ought to 
be our attitude toward conceptions of a higher space. Just as in 
three space a point can go in and out of a square without touch- 
ing the boundary, so in four space a body could eseape from our 
strongest prison without going through any of the walls. By 
the fourth dimension you could remove the contents of an egg 
without breaking the shell. You could take your right glove 
and flip it over in the fourth dimension and it would come back 
a left glove. Our densest solids would be open to inspeetion from 
the fourth dimension. 

Some mathematicians have tried to show that time is the fourth 
co-ordinate. If time is the fourth dimension, what would one 
mean by the fifth dimension or the hundredth dimension? This 
view is too anthropocentrie to be plausible. Time is an attribute 


of all space. Even in a world of one dimension there would be 


duration or the time it takes an object to move from one position 
to another. This view arose from the theory that our space is 
eurved in a fourth dimension. We must resort to analogy to 
understand what this would mean. Imagine a soap bubble with 
a cone being pushed through it. A being living on the two di- 
mensional surface of the bubble and having no comprehension 
of a third dimension would see only the successive cross sections 
of the cone, which he would notice were continually changing, 
and he would probably eall it aging or growth just as we do 
here. He would have no suspicion that what he is observing is 
the motion of a solid object in a third dimension. He would see 
only the two dimensional cross sections of a three dimensional 
object. Should a four dimensional object come within the field 
of our vision, we would see only its three dimensional eross sec- 
tion. Einstein claims that our space is curved in a fourth di- 
mension, and that we are being pushed through from a fourth 


| 


THE FOURTH DIMENSION AND HYPERSPACE 143 


dimension with a speed equal to that of light, just as the two 
dimensional surface of a soap bubble is curved in the third di- 
mension and a three dimensional cone can be pushed through it. 
A three dimensional being could see the whole cone at once, or 
the whole phenomena occurring which the two dimensional 
being would interpret as the stream of time. Likewise a four 
dimensional being could see our whole past, present, and future 
at once instead of as a stream of time. In any given space, the 
next higher dimension although spacial has a temporal appear- 
ance. Space, time, and motion, are all aspects of relation and 
some mathematicians claim that they are convertible terms. 

The fourth dimension is a perfectly logical concept. The only 
difficulty comes when we attempt to apply it to our experience 
and find that it transcends our experience. The hyperdimen- 
sionality of space is no longer a question, but the hyperdimen- 
sionality of matter is still unproven. 

One of the arguments against the fourth dimension is that 
matter does not move in that direction. Matter may move in 
the direction of the fourth dimension without our knowing it. 
Just as the cone being pushed through the bubble would be 
moving in the direction of the third dimension, but the two di- 
mensional beings living on the surface of the bubble would not 
know it and would see only the two dimensional cross sections. 
We cannot assume that because we do not observe a phenomenon 
it does not exist. We know that there are light waves below the 
red and above the violet end of the spectrum which are invisible 
to the eve. There is a possibility that we are a part of four 
dimensional space with physical limitations which confine us to 
three dimensional space, and with limitations of our senses whieh 
prevent us from perceiving anything outside of this space. Sev- 
eral observations have already been made which seem to indicate 
that matter also moves in a fourth dimension. 

In a plane objects as observed by two dimensional beings 
would have an infinitesimal thickness in a third dimension, other- 
wise they would be mere shadows, so in our world objects as we 
observe them would have an infinitismal thickness in a fourth 
dimension. It is interesting to note that from the discoveries in 
recent years which seem to indicate that matter moves also in a 
fourth dimension, the most evidences of this have been found in 
the infinitesimal, in cellular and molecular activity. 
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In our experience we find the phenomena of symmetry only in 
the minute, such as is produced in plants and animals and in 
corpuscular and atomie action, and not in the large masses, such 
as mountains. You all know that symmetrical figures can be 
made to coincide by giving each a quarter turn toward each 
other through the next higher dimension. From this point of 
view, symmetrical figures may be regarded as resulting from a 
splitting of one figure in a given space and an unfolding in the 
next lower space. This would explain many of the phenomena 
of corpuscular action. Also certain chemical isomers appear to 
differ only in that their molecules are symmetrically instead of 
identically formed and that in some cases there seems to be free 
passage from the one form to the other without any manifesta- 
tion of chemical change. An explanation, though not the only 
one, would be rotation through the fourth dimension. 

Another probable evidence is found in eleetricity. In a plane 
the axis of rotation is a point, in three space it is a line, and by 
analogy in four space rotation would be about a plane as an 
axis. The electric current forms a closed circuit, which is a 
geometrie image of rotation about a surface. The eleetrie cur- 
rent seems to be a hyper-vortex in the ether revolving about a 
plane as an axis. The entire nature of electro-magnetic action 
seems to indicate that the world we know is a cross seetion of a 
four dimensional world. 

Another interesting possible evidence of the fourth dimension 
is found in the orbital motion of spheres. Imagine a wire spring 
suspended in the air and being slowly immersed in a bucket of 
water. The cross section of the spring where it intersected with 
the water would be an ellipse which would describe an orbit on 
the surface of the water each time a coil of the spring was im- 
mersed. Now imagine this spring itself being composed of many 
minor springs of different mass and motion, each intersecting 
the surface of the water in an ellipse and describing an orbit 
each time a coil of the spring was immersed. By analogy the 
cross sections of spiral vortices moving through our ether from a 
fourth dimension would be spheres moving in orbits, which is 
exactly what we find in nature. Thus on the hypothesis that the 
forms of our space are cross sections of four dimensional forms, 
much of the phenomena of nature would be accounted for, and 
matter would then be simply vortices in the ether. 
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From Einstein’s discoveries, it seems that our entire universe 
is a four dimensional hypersphere of finite volume, which by 
analogy would make it the successive cross sections of one-fifth 
dimensional helix. For if there is a fourth dimension, there is 
no reason to stop there. If there is a fourth dimension, it would 
logieally follow that there are any number of dimensions. 

Dimension means measurement, and the whole problem of the 
fourth dimension or any other dimension rests on the nature of 
space. Space and time have reference to a system of reckoning 
distanees and durations, and one of Einstein’s great discoveries 
is that there are many such systems of reckoning, one as funda- 
mental as the other, and that our frame of space and time is a 
purely earthly appanage. LEinstein’s discoveries are the latest 
development of the subject of space and dimension, and he has 
arrived at his conclusions by scientific experiments and mathe- 
matical ealeulations. Until recently it was thought that there 
was an absolute space and an absolute time which could be meas- 
ured, but we know now that the measurement of space intervals 
and time intervals are not absolute but relative, and change with 
the position and motion of the observer. A cubic yard is not an 
absolute chunk of space. What may measure as a cubie yard to 
one observer, may measure up as a cubie foot to another in a 
different position in the universe on a body of different velocity. 
Time perceptions there would also be different. If our time 
perceptions were a hundred thousand times faster, events would 
appear to us a hundred thousand times slower. Anything moving 
as fast as our express trains would require a delicate experiment 
to show that it was moving. 

Thus it would seem from Einstein’s discoveries that our frame 
of space and time is a purely geocentric view and that space, 
time, and motion, are not independent entities, but aspects of 
reason. Einstein calls space and time, ‘‘terrestrial adhesions to 
thought.’’ Kant ealls space and time, ‘‘synthetie judgments a 
priori.’” The majority of philosophers, mathematicians, and 
physical scientists, agree that space, time, and motion, are not 
entities, but conceptions of the human mind in its relation to 
nature. In the last analysis the fourth dimension deals with the 
fourth step in the reason’s comprehension of infinity. 

Of what use are speculations on the fourth dimension? Of 
about as much use as to know whether the earth goes around the 


146 THE MATHEMATICS TEACHER 


sun or the sun goes around the earth. Space is as properly an 
object of study as the planets. There is nothing about the fourth 
dimension that is any more mystical than there is about the 
other three, and a study of it gives us a clearer idea of the nature 
of space. It gives us a deeper insight into geometry. Just as a 
study of solid geometry enlarges our comprehension of plane 
geometry, so solid geometry is illuminated by a study of hyper- 
space. It enlarges our mental horizon, and throws light on the 
nature of our mental equipment. Such speculations sometimes 
lead: to very fruitful results. 
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USE OF THE INVENTORY TEST IN 
PLANE GEOMETRY 


By LEONARD D. HAERTER 
University High School, Minneapolis 
In the course of the last few years there has been an extensive 
reorganization of the course of study in mathematies in grades 
seven, eight, and nine. One phase of this reorganization move- 
ment deals with the incorporation of much geometric material. 
A large amount of simple construction and drawing is being done 
with the ruler, compasses, and protractor. Through the applica- 
tion of both arithmetie and algebra in the field of geometry the 
child is becoming familiar with the names and shapes of a large 
number of plane and solid figures. In addition, many of the 
simpler notions of geometry are being experimentally obtained 
by the pupils in these grades. 


It was our opinion at the University High School, Minneapolis, 
Minnesota, that the students beginning the study of plane geom- 
etry in the tenth school year must have aequired by means of 
this revised course of mathematies in grades seven, eight, and 
nine, many geometric facts which we formerly tried to give them 
in the first few weeks of the study of plane geometry. We felt 
that it was most worthwhile to know what information they 
already had of plane geometry before they began a formal study 
of that subject. 


Accordingly a test was devised covering the beginning of a 
course in plane geometry. The test, a copy of which appears 
below, consists of eighty-eight items divided as follows: 

A yes-no test of thirty-six items; a completion test of twenty 
items; a computation test of ten items; and a construction test 
of twenty-two items. 


The following test has been made to determine how much you 
know about the subject of plane geometry before you actually 
begin to study it. You are urged to read each question carefully 
and to answer each one to the best of your ability. 
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Yes-No 


Read the following questions carefully. Write either yes or 
no before each one. 


nenee 1. Does a triangle have three sides? 
a 2. Is the area of a rectangle equal to the base times the height? 
3. Does a right angle contain 180 degrees? 
4. Are all right angles equal? 
a entities 5. Are all the angles of a rectangle right angles? 
inoue 6. Does a right triangle contain two right angles? 
eneaues 7. Is the area of every parallelogram equal to the product of two 
adjacent sides? 
. Are all the sides of every rectangle equal? 
Sistine 9. Is the area of a circle equal to //d?? 
januainn 10. Is the circumference of a circle equal to 2 I/r? 
sevens 11. Is the area of a triangle equal to the product of one-half the 


} base times the altitude? 
| 12. Is the sum of the interior angles of a triangle equal to 180 
| degrees? 

i 13. Are two lines in the same plane that do not meet perpendicular? 
| 14. If one line is perpendicular to another are the angles formed 
acute angles? 

15. Is a quadrilateral a geometric figure of five sides? 

q a 16. Is an acute angle less than a right angle? 

| 17. Can a triangle have two right angles? 

i er 18. Does a right angle contain 190 degrees? 

i ‘sabeadiahea 19. Does a straight angle contain 180 degrees? 

5 20. Can the sum of two acute angles equal a straight angle? 

21. Is the sum of two complimentary angles equal to 180 degrees? 

i re 22. If two angles of a triangle are equal are the sides opposite 

} these angles equal? a 

i ee ft spied 23. Is the sum of two angles of a triangle ever less than the 

third side? 

——-  —_—._—™ ial 24. If the sum of two angles is equal to two right angles, are they 
complementary ? 


winds 25. If the opposite sides of a quadrilateral are parallel, is the 
figure a parallelogram? 

siariaancl 26. Are the acute angles of a right triangle complementary? 

pbeaete 27. Are two triangles always congruent (equal) if three sides of 
one are equal respectively to three sides of the other? 

deieacaaes 28. Can more than one perpendicular be erected at a given point 
in a line? 

eeucten 29. Are the opposite sides of a quadrilateral always equal? 

ee 30. Is the area of a rectangle equal to the area of a triangle having 
the same base and altitude? 

‘oceanic 31. Is an obtuse angle larger than 180 degrees? 


; 
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indguliiea 32. If a triangle has all its sides equal is it equilateral? 
en: 33. Is the area of a right triangle one-half the product of the legs? 


jghcaliad 34. If two angles of one triangle are equal respectively to two 
angles of another triangle, is the third angle of the first equal 
to the third angle of the second? 

cone 35. If two sides of a triangle are equal, are the angles opposite 
equal? 

semcee 36. If three angles of one triangle are equal to three angles of 


another triangle, are the triangles always congruent (equal) ? 
Completion Evercises 
Write one word in each blank to make the sentence state a 


geometric fact. 
1. A line passing through the center of a circle and having its ends in 


the circumference is called a........---..------~-----. 

2. An angle containing 90 degrees is called a__--.------------- angle. 

3. In a triangle the line drawn from the vertex perpendicular to the 

5. If one line is perpendicular to another, the angles formed are_----- 

6. A line drawn from the center of a circle to the circumference is called 

7. If a rectangle has all its sides equal it is called a_____--------- 

8. If all the sides of a triangle are equal, the triangle is called___-__---. 

9. If a triangle contains a right angle, the triangle is called a----_---~- 
triangle. 


10. In a right triangle the side opposite the right angle is called the 


11. Two angles whose sum is equal to 180 degrees are called__--___-~---. 
is equal to JIr?. 
13. If two sides of a triangle are equal the triangle is called____--___-_-. 
14. A straight line that touches a circle in only one point is called a 


15. A hexagon is a geometric figure of___..---__---_-------- sides. 

16. The sum of the interior angles of a triangle is equal to___-.-------_- 
degrees. 

17. If two triangles have____---------- sides of one equal respectively to 


pihaenawnntmel sides of the other, the triangles are- 
18. The line joining the opposite vertices of a quadrilateral is called a 


‘The square of the... of a right triangle is equal to 
20. An equilateral triangle has each angle equal to______________ degrees. 


Computation Exercises 


1. A rectangle has a base of 20 feet and an altitude of 8 feet. What is 
the area? ication sq. ft. 
2. A triangle has a base of 12 feet and an altitude of 10 feet. What is 
its area? sq. ft 
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. The sum of two angles of a triangle is equal to 120 degrees. 
large is the third angle? ; A 

. One of the acute angles of a right triangle is 50 degrees. How large 
is the other acute angle? 

. Two parallel lines are cut by a transversal so that one of the angles 
is equal to 30 degrees. How large is its alternate interior angle? 


. An acute angle contains 70 degrees. How many degrees are there in 
its complement? 

. The vertex angle of an isosceles triangle contains 20 degrees. 
many degrees in each of the base angles of this triangle? 


. A central angle of a circle contains 40 degrees. 
in its intercepted arc? 

. One leg of a right triangle is 6 feet and the other is 8 feet. How long 
is the hypotenuse ? 

. How many degrees are there in the sum of the angles of a quadri- 
lateral ? 


Construction Exercises 


Draw freehand as neatly and as large as possible the figures 
and lines asked for. 


I. The triangle: 


1. Draw an isosceles triangle here. 

2. Mark the base AB. 

3. Draw the altitude to that base. 

4+. Draw a bisector of one of the angles at the base. 

5. Draw a line through the vertex of the triangle parallel to the base. 
6. Draw a right triangle here. 


II. The quadrilateral : 


7. Draw a rectangle here. 

8. Draw a diagonal of this rectangle. 
9. Draw a square here. 

10. Draw a trapezoid here. 


The cirele: 


11. Draw a circle here. 

12. In this circle draw a radius. 

13. In this circle draw a chord. 

14. Draw a line tangent to this circle. 
15. Draw a central angle of this circle. 


IV. Angles. 


15. Draw a central angle of this circle. 

16. Draw an acute angle here. 

17. Mark the angle so that it can be read angle ABC. 
18. Draw its complement. Place a (1) in this angle. 
19. Draw its supplement. Place a (2) in this angle. 


. Parallels: 


20. Draw two parallel lines here. 
21. Draw a transversal to these parallels. 
22. Mark a pair of alternate interior angles by (1) and (2). 
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On the opening day of school this test was given to 74 pupils 
who were beginning the study of plane geometry for the first 
time. All the pupils had pursued a revised course of study in 
grades seven and eight, and a course in general mathematies in 
grade nine. It is interesting to note in the abulations whieh fol- 
low, just how much geometry they knew. 


Yes-No Test 


No. 123 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 
Times missed 0 5 610 7 9 34 5 3128 7 2231517 5 8 1 


No. 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 
Times missed 1 11 33 20 12 32 23 28 16 6 21 5 18 8 30 7 17 47 


Completion Test 


No. 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 


‘Times 
missed 8 17 12 18 3 27 43 22 38 60 31 3 49 52 51 20 


Computation Test 


No. 2 3 4 5 6 7 
Times missed 6 11 35 34 26 


Construction Test 


No. 92345 6 7 &$ 0295 06 17 18 2 
Times 
missed 17 14 22 19 45 17. 5 21 12 40 9 13 60 63 56 14 38 45 45 11 13 30 


Each item of this test was valued at one point and the seore of 
each pupil was obtained by adding together the total number of 
correct replies that appeared on the paper. 

The median seore of the class on the test was 63. <A brief 
comment on the summary will be illuminating. 


Yes-No Test 

1. Seventeen questions were each missed ten times or less. 

2. Twenty-five questions were missed less than twenty times 
each. 

3. Only eight questions, numbers 7, 9, 10, 21, 24, 26, 33, and 
36, were missed by more than one-third of the class. An exam- 
ination of these questions will readily explain the frequency of 
error. Numbers 9 and 10 would be missed almost as frequently 
by a class who had already studied plane geometry. Number 7 
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is a trick question, while numbers 21, 24, and 26 deal with the 
notion of complementary angles, a notion which is readily con- 
fused with that of supplementary angles by the pupils. 

4. Only one question, number 36, was missed by more than 
half the class. We have evidence from the results of the Minne- 
apolis Geometry Test, devised by Miss Anna Thomas of Minne- 
apolis, that this question is almost as frequently missed by pupils 
who have studied plane geometry for one-half year. 


Completion Test 
1. Seven questions, numbers 3, 11, 13, 14, 17, 18, and 19, 
were missed by over half the class. This portion of the test was 
apparently the most difficult. 
2. Nine questions were missed twenty times or less. The word- 
ing of these questions undoubtedly gave many pupils trouble; 
while the strangeness of this type of test was also confusing. 


Computation Test 
1. Only question 8 was missed by over half the class. 
2. Questions 5, 6, 7, 8, and 9 were missed by over one-third of 
the class. 
3. Numbers 1, 2, 3, and 4 were missed by less than one-seventh 
of the pupils. 


> 
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Construction Test 


1. In the construction test, numbers 5, 10, 13, 14, 15, 17, 18, 
19 and 22 offered special difficulty. They deal, however, pri- 
marily with things met only after many weeks in plane geometry, 
and with the matter of complementary and supplementary 
angles. 

2. Half the questions were missed by less than twenty persons 
in the class. 

On the showing made by the pupils on the test we decided to 
spend no time whatever in reviewing these facts as a part of the 
regular class work. We believed that undoubtedly a brief review 
by the pupil out of class would readily recall these things to his 
mind. Each student was therefore given a slip of paper bear- 
ing his name and the numbers of the problems missed, and was 
told to find the proper answers to the questions missed. Refer- 
ences were given and a sufficient number of tests posted on bulle- 
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tin boards for the pupils to consult. After one week the test 
was given again. The median of the class was raised from 63 to 
80. Only one pupil made a score below 50. 
A summary of the results made on the second giving of the test 
follows. 
Yes-No Test 


No. 6 7 8&8 91011 12 13 14 15 16 17 18 
Times missed 0 81517 631429 24 0 


$3 
No. 24 25 26 27 28 29 30 31 32 33 34 35 36 
Times missed 151214 6 112 17 217 8 1 39 


Completion Test 


6 7 8 910 11 12 13 14 15 16 17 18 19 20 


No. 1 2 3 5 
3 36 3 5 8 1 4 8 13 1110 2212 2 18 3043 4 


Times missed 14 


Computation Test 


Construction Test 


No. 123 4 5 6 7 8 910 11 12 13 14 15 16 17 18 19 20 21 22 


Times 
missed 0 0 6 426 4 2 2 313 2 9 27 2218 5251617 3 3 4 


Criticisms of two kinds may be raised. 

1. University High School has a very select group of students. 

In answer to this I would say that this same test was given at 
the beginning of the school term to 270 pupils at West High 
School, Minneapolis. This school I believe to represent a normal 
situation. The pupils here had the same preliminary training 
as those at the University High School. The median score made 
by the West High School pupils on the test was 56. I do not 
know what procedure was followed in this school after the tests 
had been given, but undoubtedly a very similar improvement 
would have taken place if a procedure similar to the one used 
at University High School had been used. 

2. Few school systems have this revised course of study which 
was spoken of at the beginning of this article. 

In answer to this I would say that a close examination of recent 
Junior High School texts for seventh and eighth grades will 
reveal the fact that a large part of them is given over to simple 
drawings and constructions which bring into use the names of 
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geometric lines and figures, and acquaintanceship with geometric 
facts and terms as contained in the above test. In the ninth 
grade there appears to be developing a well organized course 
incorporating many more of the same type of facts through the 
formula and its applications, and through the notion of similarity 
and proportion. Unquestionably what is happening is that a con- 
secutive and well organized course of general mathematies is 
being developed for these grades, of which the geometrie phase 
is but one of the many features. 


I believe, due to the progress that this revised course of study, 
outlined above, is making throughout the country, and due to 
the results of the test already referred to, that the following 
conclusions are warranted : 


1. Pupils approach the study of plane geometry today with a 
large store of geometric information. Two or three weeks need 
no longer be spent in the teaching of names and terms. We may 
justly begin farther along in our work. Recent trends in re- 
organization would seem to indicate that this store of facts will 
be increased from year to year rather than decreased. More- 
over, this information which the student possesses has been a 
gradual acquisition and is an integral part of his knowledge in 


a way that it never was when taught at the beginning of grade 
ten. 


2. We should now be able to do considerably more work in the 
tenth year than was formerly possible. Our brighter pupils 
should very well be able to cover a course as outlined in the 
National Committee Report in less than one year. One of the 
following developments seems a logical consequence: 

a. A combined course in plane and solid geometry for our 
brighter pupils in grade ten. 

b. A course in plane geometry supplemented by considerable 
mensuration work in solid geometry. 


e. A course in plane geometry supplemented by a considerable 
unit of trigonometry. 


Some such revision will have to take place in grade ten or else 
I believe that we are not taking full advantage of the reorganiza- 
tion already effected and that is continually being effected in 
the grades immediately below the tenth. 


By 
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MEETING THE ATTACKS ON ALGEBRA 
MARY J. QUIGLEY 
Teachers College, Boston 
Spring Meeting, May 2, 1925 Association of Teachers of 
Mathematics in New England 

No subject in the high school curriculum, according to some 
educators, has yielded such unsatisfactory results as Algebra. 
It has been the subject of most severe criticisms on all sides, and 
has been held responsible for a great deal of freshman mortality. 
A leading edueator of Massachusetts, in one of his public 
speeches, has expressed the desire that less time should be de- 
voted to the study of algebra in the high school. An influential 
body of educators has even gone so far as to ask some of our 
Massachusetts colleges to reduce their entrance requirements in 
algebra. We not only find educators loudly declaiming algebra; 
but this spirit of eriticism has carried still farther. We know 
that many school children hate algebra because their parents 
hated it, or because other pupils have told them how uninter- 
esting and difficult it is. Parents dread the time when their 
children must study algebra. In a magazine article of recent 
date, a father was discussing the education of his daughter. In 
the course of the, discussion he said that his daughter did not go 
to college because of her intense dislike of algebra. 

What has been the result of all this? Algebra, except in the 
strictly college preparatory schools, has become more and more an 
optional subject. The majority of pupils now finish their high 
school course with no broader insight into mathematies than 
that obtained in their first eight years of school. 

Perhaps some of these criticisms are justified, after all. We 
must admit that there has been general dissatisfaction with the 
results of teaching of algebra. It is claimed that algebra, as it 
has been taught, is too remote from life to interest the pupil 
and has outlived its usefulness as a subject of secondary school 
instruction. Modern psychologists claim that there is no such 
thing as mental discipline; therefore mathematics teaching as a 
whole has no value. I think that, although we are unwilling to 
do so, we must admit that traditional algebra has little edu- 
cational value. If algebra consists chiefly in the aequisition of 
certain facets, in the manipulation of symbols, and in the solution 
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of a few book problems, it deserves to be the victim of propa- 
ganda. It must fight a losing fight and should be ‘‘ pitched over- 
board,’’ for there are no tangible results forthcoming from the 
algebra as taught in the old days. 


It is our job as mathematies teachers to dispel this current idea 
that algebra is as useless as it is difficult. We must endeavor to 
define and to teach algebra so that it becomes interesting and 
educationally valuable to young people. We must present it in 
such a way that an average pupil can grasp it and reason it out 
as he goes along. Pupils must be taught to handle thoughts and 
not merely symbols of thought. We should forget the mechanical 
notions and see algebra through the eyes of the pupils, and relate 
the subject to them. 


We can do a great deal toward dispelling the doubts as to the 
usefulness of algebra by the proper presentation of the subject 
matter. Organize what the pupil knows before introducing new 
facts. Each fact and process should be thoroughly mastered by 
the pupil before he is plunged into a new difficulty. Make Alge- 
bra real and interesting to the pupil right from the outset. 

The real impetus to this movement of reform in algebra was 
given by the report of the National Committee on Mathematical 
Requirements in 1916. Since that time a wave of reform has 
been gradually gaining headway in mathematics, and the new 
algebra is steadily making progress in the high school curriculum. 
Many new textbooks have appeared recently, carrying out the 
recommendations laid down by this committee. These books 
reflect to a very high degree the present trend of thought. It 
seemed to me that it might prove interesting to make some com- 
parisons between the presentation of topics in the traditional 
algebra and in the new algebra, and thus see what is being done 
to meet the attacks that have been constantly made on algebra. 


The topics of Algebra as most of us were taught in high school 
were presented in some such order as the following: <A short 
introduction explaining the use of symbols in algebra with a few 
equations to illustrate the use of symbols, explanation of the 
terms, factor, exponents, coefficients, parentheses, radical sign, 
ete.; a short exercise, as a rule, in evaluating algebraic expres- 
sions, in which the pupil was taught the correct order of funda- 
mental arithmetical operations. 
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With this body of definitions and explanations as a back- 
ground, the pupil was plunged immediately into the chapter 
called ‘‘positive and negative numbers.’’ Then the mechanical 
rules for addition and subtraction of monomials were given with 
numerous examples. Following this the law of signs for multi- 
plication and division was given. To be sure, some of these rules 
were explained, e.g. 


— 4 times 3 means (— 4) + (— 4) + (—4) =—12. 


I wonder how many pupils really understand this explanation, 
whereas — 4 times — 3 means that — 4 is to be subtracted 3 
times, ete. Then addition of monomials and of polynomials was 
presented next. There followed a chapter on simple equations, 
which at first glance seemed to have no connection with the pre- 
ceding material, although we later see that some of the equations 
involved the uniting of similar terms. Next came subtraction 
of polynomials, more equations, parentheses, multiplication of 
polynomials, more equations, but this time perhaps involving 
parentheses, division, more equations, etc. Each new topic was 
presented, but the need for it was not apparent. The pupil must 
learn a great many rules, then he is given problems and exer- 
cises in which to apply those rules. I do not mean to imply that 
the pupil should learn no rules in algebra; but the point we 
should make is that the pupil should first see the need for a pro- 
cess; this process is rationalized as far as is permissible in the 
reasoning power of the pupil. He understands the process and 
is ready for the rule. Certain processes gradually do become 
mechanical, but this mechanical handling of them is justified pro- 
vided the pupil thoroughly understands what he is doing. 


To go a little farther with the traditional algebra. In the first 
year work the pupil was expected to cover many eases of factor- 
ing, including the sum and the difference of cubes. The finding 
of the highest common factor by the Euclidean method was 
enough to discourage any pupil, especially when he could see 
no immediate use for it, for the fractions he dealt with should 
not be difficult enough to require this method of finding the 
highest common factor. I might continue thus and show how 
much was expected of the pupil, but I know this would only prove 
very tiresome. 
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As a contrast to this, let us examine part of a table of contents 

of one of the recent algebras. 
I, Formulas—Equations. 
II. Formulas of Mensuration—Approximate Computation. 

Ill. Application of Formulas to Science and Industry. 

IV. Linear Equations—Graphs. 

V. Positive and Negative Numbers, etc. 

Note the late introduction of positive and negative numbers. 
Let me quote just a little from the preface to indicate just what 
steps are taken to improve the teaching of algebra and to over- 
come so many of the objections to traditional algebra. 

“The approach to algebraic symbolism and technique is 
through well-known formulas. Continued emphasis is placed 
upon rational methods of calculation and the determination of 
the reliability of numerical results when computed from data 
obtained by measurement. The simple and relatively late intro- 
duction of the negative number and the definite attempts to 
overcome the difficulty of handling of the signed number are some 
of the features of the books,’* ete.’ 

The ‘‘New Algebra’’ is built chiefly around the formula and 
the equation. The pupil is introduced to algebra through the 
formula, with which he is already somewhat familiar. The alge- 
bra is reorganized from the problem-solving point of view. The 
very first equations should be those that solve problems, for we 
certainly can not teach equations until we know how equations 
are obtained. Every new difficulty should be introduced by a 
problem, so that the pupil can discover for himself that he needs 
the new process to solve that particular problem. 

Rather than go into detail concerning all the topies in the 
‘*New Algebra,’ I shall discuss the treatment of two which are 
presented in a manner very much different from that found in 
the traditional algebra. I refer to the solution of equations, and 
to the handling of problems. 

The ‘‘Great Equation Law’’ as one author ealls it is constantly 
emphasized throughout: ‘*What ever we do to one side of an 
equation, we must also do to the other.’’ The various types of 
equations are presented in the order of their difficulty ; e.g. 


Il. 4% = 12. 
Il. 3x = 16. 


The above is taken from the Revised Edition of Junior High School 
Math. Third Course—by Vosburgh-Gentleman-Hassler. 
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Then 32 + 5 = 17 in which we should like to find 3a first. 
But we have 5 more than 52. Therefore we subtraet 5 from 
both sides of the equation, or 32 = 12. 

Perhaps some may ask how we can handle 2y — 25 = 43 when 
we have not taken up negative numbers, or addition or subtrae- 
tion. We should like to find 2y. But we are short 25 of 2y, i.e., 
we have a shortage of 25. To make up this shortage we add 25 to 
both sides of the equation, 2y — 68. The minus sign indicates 
subtraction, or a shortage and that is all there is to it. The word 
transpose is never used. We teach the pupils a common-sense 
method of operation upon equations and not some mechanical 
process. It is important to note that the pupil will never have 
the occasion to divide by a negative number in solving these 
simple equations, because he makes up shortages if there are any. 
The question may come up: how shall we handle this: 22 = — 6. 
If 2x is a shortage of 6, then 1x or x is one-half of that shortage 
or —- 3. In other words, we treat quantities with minus signs 
before them as shortages. Thus we earry on our development of 
the equation dealing with those involving parentheses, and those 
involving fractions which have monomial denominators. We 
always introduce each new type by means of a problem and then 
give a common-sense way of arriving at an answer. No work 
should be accepted that is not carefully checked. To be sure, 
the old algebra encouraged checking. We do more than that: 
we insist on checking and accept no work as complete until it 
has been carefully checked. There are two more points I wish 
to indicate in connection with equations: A series of steps have 
been built up to aid in the solution of equations. The form is 
due to Mr. Evans of Charlestown. 

In my own work with ninth grade classes, [ have found these 
exceedingly helpful. Most of you are, no doubt, familiar with 
these : 


(1) Perform any indicated multiplications. 

(2) Unite similar terms in each member. 

(3) If there are any terms with minus signs before them, add enough 
to make up these shortages. 

(4) Subtract from each member the smaller unknown term. 

(5) Subtract from each member any known term that stands beside an 
unknown term. 

(6) Divide both members of the equation by the coefficient of the un- 
known. 
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The second point is the use of a convenient symbolism to enable 
the pupil to describe what he has done. This also, I believe, is 
due to Mr. Evans, and is an outstanding feature of the new 
Algebra. The pupil decides what he must do before he actually 
does it. 


@ 2x 2+x 1 


3 7 


@ 14e—3 (2x +1) = 21Ix—42 X 21 
@ 14*—6x—3 = @® same values 


=x-—2 


®@ 8x— 3 = 21x — 42 @ Same values. 
® 8x + 39 = 21x @ + 42 
39=13 x (5) — 
@ © + 13 
Check 
2e+1 
=x—2 
3 7 
2—1=>3—2 
Ans. x =3 


The discussion of the equation is very sketehy, indeed; but 
I hope I have succeeded in showing how different its development 
is from that in the traditional algebra. 

The study of mathematics should result in the development of 
power, rather than in the acquisition of facts and ability to 
handle difficult and intricate manipulations. There is no better 
way of developing that power than by the solution of problems. 
One of the common remarks we often hear from pupils is: ‘‘I 
like Algebra, but hate problems,’’ as if problems were separate 
and distinct from algebra. We find model examples in most of 
the algebras solving problems, but the pupil is not told how to 
go about it in such a manner that he will be able to handle any 
problem that may come up in the course of his study. In ‘‘ Every- 
day Algebra,’’ a book to be published shortly by Houghton Mif- 
flin Co., the author has used problems as the vehicle of intro- 
ducing each new algebraic fact. He has set up certain steps in 
problem solving which are well worth considering at this point, 
for they again show what a decided step in advance the new 
algebra has taken to overcome the great dislike of problems. 
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|. The first step is algebraic analysis, i. e. decide what quantities are to 
be listed. 

Il. The second step is to express related quantities algebraically. Con- 
sider (1) which quantity will be represented by a single letter (2) how the 
other quantities are related to the quantity you have selected and (3) the 
total, which can be represented both algebraically and numerically. 


Ill. The third step is to form an equation. 
IV. Solve the equation. 
\V. Test the answer to see if it meets the condition of the problem. 


He points out that there are three possibilities in setting up the 
equation : 


(1) We have 2 abbreviations for the same quantity. 


(2) We use some fact stated or implied in the problem, but not used in 
the list. 
(3) We substitute in a formula. 


There are various other topies in the new algebra, that are well 
worth considering, such as the late introduction of negative 
numbers and of algebraic addition and subtraction, approximate 
computation, extensive use of various kinds of graphs, ete., all 
of which are treated in a manner that indicates very clearly that 
mathematicians have taken up the eudgels in defense of algebra. 

Some teachers may say: ‘‘ Well those ideas are all very fine; 
but can we follow them out with pupils who are preparing for 
college? Have we the time to do it?’’ Our answer is, ‘Why 
not?’’ Shouldn’t the pupils who are going to college also be 
trained to use their common sense and understanding in algebra ? 
The College Board has indicated that it realizes and appreciates 
the present tendency toward improvements in the teaching of 
algebra by its willingness to reduce in its requirements a great 
deal of algebra dealing with algebraic technique and to omit 
certain topies previously required, such as the square root of a 
polynomial, the finding of the highest common factor as a sepa- 
rate topic, ete. 

We, teachers of mathematics, are fortunate to be a part of the 
mathematical world at a time when such a tremendous reorgan- 
ization is taking place. We have seen Algebra attacked on all 
sides with fatal results to its position in the high school curricu- 
lum. We now see the advent of the new algebra which bids 
fair to meet all these attacks and to restore algebra to the high 
position it deserves in education. 
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THE SOLUTION OF QUADRATIC AND CUBIC 
EQUATIONS ON THE SLIDE RULE 


R. C. COLWELL 
West Virginia University, Morgantown, West Virginia 


Any quadratie equation may be expressed in the form 


(1). 


If the roots are real it is only necessary to find two real num- 
bers which product is c and whose algebraic sum is — b. Hence 
to solve a quadratic equation of this type on the slide rule set the 
cursor at c on the A seale and move the slide until the sum of 
the numbers under the cross hair on the B seale and over the 
index on the A seale is equal to — b these two numbers are the 
roots. 

Example: (1) 2274+ +6=—0. (2). 


Set the cursor at 6 on the A seale. Move slide to right until 3 
on the B seale is under the cross hair: then the index is under 2 
on the A seale. Therefore 3 and 2 are roots. 


Example: (2) 2? — 3x — 10 = 0. 


Set the cursor at 3 on the A seale, move slide until 5 on the 
B scale is under the eross hair and the index is below 2 on the A 
seale. Then +- 5 and — 2 are the roots. 

Even if the roots are imaginary, they may still be found on 
the slide rule by means of the following lemma. The condition 


> 


for imaginary roots in (1) is that 


—c <0. If now ce’ be 


al to( c } the —c 
made equ ) 


b? 
0. 


Therefore to transform a quadratic equation with imaginary 
roots into the corresponding one with real roots, multiply b by 


2 and subtract c. Having found the real value subtract a and 


multiply by ¢. This will give the imaginary part of the complex 


b 
root, the real part being a 
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Example: Solve 2? — 62 + 15 = 0. (3) 
b X ba Be 18, 183— 15 = 3. 
2 2 
Therefore the corresponding equation with real roots is 
(4) 


The solution of (4) on the slide rule is 5.45 and .55. Subtrae- 
b 
tion of >= 3 gives 2.45. 


Therefore the roots of equation (3) are 
3 2.456 ............... (5). 


Runge' has shown how to use the slide rule with inverted 
slide to solve cubie equations of the form 


But this is also solvable as follows without inversion of the 
slide. If we read wu upon the C seale then u? is just above it on 
the B seale. Then the product u(u? — 5) = 3. Hence set the 
cross hair of the cursor at 3 on the D seale, move the slide to the 
right until the number u? on the B scale minus 5 is equal to the 
number on the D seale below the index of the slide. (Fig. 1.) 


= 


= 
= 


Again if u is negative 3 
wt+—=—5 

Hence move the slide to the right until the number under the 


cross hair on the B scale plus the number below the index of the 
slide on the D seale equals 5. Read u = 1.84. (Fig. 2.) 


La} 
FAG. 2. 


1 Runge: Graphical Methods; p. 46. 
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There must also be another negative root. To find this move 


the slide to the left until as before u* + = = 5. Then u = — .66. 


A] 


8 

T 
4 
6 


C 


| 


FAG. 3. 


If the cubic is in the form u* + au? = b, it may be readily 
solved for one real value. Let us solve x* + 327 =— 20 or 
x*(2 + 3) = 20. Set the cursor to 20 on the A seale. Move the 
slide to the right until the number on the B seale under the cross 
hair minus 3 is equal to the number on the D seale below the in- 
dex of the slide is the solution 2. (Fig. 4.) 


{9 
4 


| 


FIG. 4 


Another interesting solution of such an equation 
54 
a? + 327 540r2 +3 —— 


is: set the cursor at 54 on the A scale, then read x? on the B seale 
and x just below it on the C scale. The index of the slide will 


54 
always point to — on the A seale. Hence move the slide to the 
= 


right until the number under the cross hair on the D seale plus 


the three of (x + 3) is equal to the number = on the A scale. 


4 


6 
_ c 
— > 
FIG. 5. 


EQUATIONS ON THE SLIDE RULE 165 


The following example shows a general method of solution in 
which all three roots of the cubie are found. If the cubic is in 
the form x* — 52 — 3 = O and if a, b, and ¢ are the roots, 
a-+ b + ec must equal zero, since z* is missing: also abc = 3. 
Therefore, if the first root is found as in (Fig. 6) 


8 


Tit 


3 3 
d b = — 12 
— 
Accordingly having found the first root, move the cursor over 
to 1.2. Then move the slide to the left until the number under 
the cursor on the C scale plus the number below the index on 


the D seale will together equal — 2.5. (Fig. 7.) 


FIG. 7. 


Complete solution a = 2.5, b = — 1.84, c = — .65. 
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SOME INTERESTING SIDE LIGHTS UPON 
ELEMENTARY MATHEMATICS, INTRO- 
DUCING A NEW EXPANSION OF 
BINOMIAL THEOREM 


BY MRS. L. H. MEEKS 
Long High School 


ng Beach, Cal. 
In this article I hope to eall attention to certain diversions in 
the study of elementary mathematies as pursued in high schools 
today. 


The value of any diversion in the study of a given subject is 
too well known to merit any particular comment here. For in- 
stance the craze in cross-word puzzles, which has recently swept 
over the country, has exerted a noticeable influence in word 
study, and although this stimulant may be short lived, its influ- 
ence will undoubtedly be felt for some time in the increased use 


of the dictionary. While cross-word puzzles may have little or 
no bearing upon mathematies it serves, however, to illustrate 
the power of such diversion, in creating or reviving an interest 
in any particular thing. 


We have a great many interesting and fascinating combina- 
tions in the study of mathematies and if such things are pointed 
out to the student at the proper time it may relieve a great deal 
of the humdrum during the study of this subject. It has been 
in following some of these combinations that I have stumbled 
upon some interesting facts. 


In this article I wish to show some relations that exist between 
powers of numbers. Let us first look at the relations that exist 
between the squares of two numbers. I early learned that the 
difference between the square of two numbers is equal to the 
product of their sum by their difference. Let us take two num- 
bers—say 5 and 8 for example. 

Sum of the two numbers equals 13 
Difference between the two numbers equals 3 
Product of the sum and difference equals 39 
Now the square of 8 equals 64 


Now the square of 5 equals 25 
Difference between the squares equals 39 
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It should prove refreshing to the student to try out many other 
pairs of numbers. 


Now let us consider the eubes of the numbers. I have dis- 
covered that the difference between the cubes of two numbers is 
the product of the difference between the two numbers and the 
remainder obtained from deducting the product of the two num- 
bers from the square of their sums. An illustration may make 
this clearer. Taking for example the same two numbers 5 
and 8— 


Sum of the two numbers equals 13 
Square of the sum of the two numbers euals 13x13 = 169 
Difference between the two numbers equals 3 


Product of the two numbers 5x8 = 40. 

Square of the sums minus the product 169 — 40 = 129 

129 x difference = 129 X 3 = 387, the difference between the 
cubes of the two numbers. 88 = 512 
58 = 125 


Dif. = 387 


This should also be tried out on several other combinations. 


Now that these experiments have been made with the ratios 
that exist between the squares and cubes of numbers of one term 
let us try out the binomial. 


The process used in elementary algebra is rather tedious and 
the well-known formula for the expansion of a binomial is also 
tedious, so I have used another system of expansion which can 
be made up in tabular form and may prove to be refreshing to the 

student if introduced at the proper time. The table which fol- 
lows and is labeled Fig. 1 is made out for a binomial expanded : 
to the 10th power. The student should continue this still further. 
In the table the numbers indicate the coefficient and it is under- 
stood that the exponent is one. 


The method of constructing the table is quite simple, beginning 
at the top we start with a simple integer, on the line below we 
add one integer making the term a binomial of the first power— 
the next line or second power is obtained by starting at the left 
with one, the next term is obtained by adding together the two 
terms immediately above, ete., always adding one at the extreme 
right, each sueceeding line being obtained in a like manner. 
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bo 


1 


Formula. (a +b)” 


n(n-1) n(n-1) (n-2) is 
a® + na®-1.b + .b? + a b? + 
1.2 1.2.3 


The use of the table is quite simple also after it has onee been 
constructed, but it must be borne in mind when writing a power, 
that the first term must be arranged with the exponents in the 
descending powers and the second term with the exponents in the 
ascending powers. As an illustration let us find the sixth power 
of (a+ b) looking at the table and finding the form for the sixth 


power we proceed to write 
a® + 6a°dD + 15a‘b? + 20a°b* + 15a*b* + + DF. 


Now is that not easier than applying the formula or multiply- 
ing it out in five tedious operations ? 

In looking at the table one may find a great many interesting 
combinations, for instance it is noted that the figure takes the 
form of a triangle, a very stable form, that the two outside lines 
are ones, each of the second lines advance in arithmetical pro- 
gression, i.e., they are consecutive numbers, that all the lines 
are advanced by adding to the last number on a given line the 
number above and ahead in the former line. In looking at Fig. 1 
we see the fine dotted lines connecting numbers together, for 
instance in the second row on the left side we se 1 +1 — 2, 
in the third row 3 + 3 = 6, and so on for each line throughout. 
A little observation will reveal a great many of these coincidents. 
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jo+5+1 
+ 15+6+ 1 
$$ + 21 +7 + 1 
+ 56+ 238+ + 1 
126 + 84+ 36+9+1 
lo 1+ 10 + 45 + 120 + 210 + + 210 + 120+ 45+ 10+ 1 


WHY IS IT? 


P. STROUP 
West High School, Cleveland, Ohio 


I have just looked through copies of 10 current high school 
geometries and in not one of them can I find a direct and ex- 
plicit proof of the fact that if the square on one side of a triangle 
equals the sum of the squares on the other 2 sides, it is a right 
triangle. In some books it is proved indirectly by proving its 
converse and its opposite, but no attention is called to the fact. 
Some authors use the fact in problems without having proved it 
or mentioned it and these same authors seem worried in their 
opening chapters if the converse of any little proposition is as- 
sumed to be true without giving the proof of it. 

I suppose there are as many proofs of this fact as there are 
of its famous converse, but they turn out in practice to be some- 
what trickier than their relatives. The easiest and most satis- 
factory one that I found is the converse of the first proof usually 


given. Let h® equal a? and b*. Take a length c on h adjacent 
to aso that ch equals a. Call the rest of hd and then dh equals 
b?. Hence c/a as a/h which proves two triangles similar as they 
have the included angle in common. Same with dh equal 5b’. 
By the equal angles in the similar triangles one angle of the tri- 
angle can be proved to equal the other two. 


9B ALGEBRA 


The teaching of beginning algebra can be a real mental stimu- 
lus if the student is led into it through the door of experiment 
and discovery rather than driven in in close formation with the 
‘goose step.’ Too many rules and too many exercises of prob- 
lems of exactly one kind enables and encourages students to get 
by with a minimum of analytic and creative thinking, largely by 
mere remembering. Just another set of facts that are so because 
it says so in the book and the teacher says so. Students that are 
compelled to get algebra this way or not at all should not be 
taking it. They will not be able to use it or go on with its study. 
It is the presence of so many of these students that makes so 
many teachers feel compelled to drill it into them. It would 
be better for them if a real effort were made to get them to think. 
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As it is they are doped with rules and passed on to geometry or 
passed out of school. As for those students of sufficient mental 
ealiber to appreciate for themselves the why and wherefore of 
algebra, it is not a square deal to them to be deprived of the 
opportunity to do so. 

After years of trying to get algebra across in the order and 
manner presented in the algebras supplied, this suggestion grad- 
ually evolved. Present to the students only word problems and 
only take up such technical algebra as is necessary in the solu- 
tion of those problems. Thus the immediate problem would 
supply the incentive for the study of the necessary algebra and 
give satisfaction in its use and the immediate relation between 
x and the value in the problem that it represented furnishes a 
less slippery handle to get hold of the difficulties of using letters 
to represent numbers. The student will see just where the diffi- 
culties arise that are not present in arithmetic. The necessity of 
quantities less than O is met right where it lives and ean be 
studied in its natural habitat. The parenthesis comes in as a 
needed form of expression and not as another aggravation. 

Back of this is the assumption that even in the algebra class 
the future citizen is the thing and not the little bit of algebra. 
How small this bit is, is appreciated by those who ask their stu- 
dents to use some of their vear of algebra in the geometry or by 
the teacher of advanced algebra. Algebra presented in the way 
indicated would give a laboratory subject the equal of physies or 
chemistry in opportunity to experiment and draw and general- 
ize conelusions. The rules of algebra such as ‘like signs give 
plus’ will have to be introduced as their use is a mental economy 
that cannot be ignored, but they should not be introduced until 
there is a background of personal experience which makes the 
rule more than mere words. 

This experiment could not be tried out in its pure form in a 
regular school, but I have tried a modification of it. For over 
two months, using a current algebra, we ignored everything in the 
book except the word problems. The students worked at their 
seats in class and asked help by raising their hands. Anything 
of general interest was talked over at the board. At first the 
formation of the vocabulary and the translation into an alge- 
braic equation got all the attention, but soon the problems of 
technical algebra appeared. The difficuities of the translation 
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were of course never completely conquered, but I see no reason 
for stepping around them on that account. Algebra will be use- 
less to one who has not sufficient mental power to form the equa- 
tion from the problem and the battle might as well be fought 
here as anywhere. There is strength to be gained in fighting 
and character to be gained in facing the issue. 

The temptation to use two unknowns which suggested itself to 
the students quite naturally was resisted for a while, but in time 
we took up simultaneous equations and though I only showed 
them elimination of one letter by addition or subtraction, one 
boy discovered elimination by substitution and a boy and a girl 
eliminated two of three letters without any help. We then 
graphed equations for two weeks. From this we went to multi- 
plication, oral and then long, then direct to long division, and 
if properly treated this furnishes one of the best exercises in 
algebra. The division is put in the same form as the multipli- 
cation, the divisor at the top and the dividend in place of the 
product and the suggestion is given that we are to find out what 
the divisor was multiplied by to give that product. With no 
other help some of the students fill in all the terms for the hard- 
est problems in the exercise. Others must be reminded how 
columns cancelled out in multiplication and some columns had 
never more than one, two, or three terms. The only objection 
to this method is the guessing how many lines it is going to occupy 
but this is easily gotten around by leaving the product in the 
book or carrying it on the edge of another piece of paper until 
the place is reached for it. Remainders come in quite naturally. 
You will be surprised how the students take to this method and 
what a fine mental exercise it is. The mystery is all removed and 
they do with understanding what is a mere rule by the other 
method. 

This method also has the advantage of leading directly into 
factoring and furnishes a general method for factoring from 
which the special methods can be gradually worked out. The 
students are simply turned loose on a fairly hard exercise in 
factoring with the suggestion that it is like division, but both 
of the expressions that were multiplied together are to be found. 
This furnishes a fine exercise in experiment and observation and 
the special methods will gradually be evolved. The special 
rules of multiplication are also met in this way and the connec- 
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tion between them and the factoring is more direct than by the 
other methods. 

It would not be surprising if the students under such a system 
did not show the rapidity of advance in technical algebra that 
they would under the drill system. But I cannot but believe 
that they are better citizens and in the long run will make better 
algebricians. In encouraging a person to think it is desirable 
that there be presented some logical matter to think about in 
which there is no dispute about the conclusions. This is the 
value of algebra and geometry in the high school curriculum. 
Then this matter should be presented in a manner that 
permits the person not so much to see the truth as to draw con- 
clusions for himself and discover the truth. This takes time and 
cannot be accomplished when the student is harried by constant 
drill. What he needs is personal attention to show him just how 
far his thinking is correct and just where it got off the track and 
is inconsistent with his other ideas. 


AN APPROACH FOR 10B GEOMETRY 


Although not expecting to find a royal road to geometry, the 
teacher of the beginning students is justified in seeking the most 
desirable path to the ‘hinterland,’ the path that has the most 
uniformly gradual assent to the heights. The path here outlined 
starts near the usual place of vertical angles, but follows angles 
through multisided polygons and delays the meeting with con- 
gruent triangles for nearly a month, in the meantime surmount- 
ing such obstacles as the common axioms and many shorter argu- 
meuts. 

The beginning student is assumed to know what he means by 
a straight line and the opening statement is that if two lines 
cross, they point in different directions and the difference in 
direction is an angle. Parallel lines are then defined as lines 
that point in the same direction. This leads to two conclusions, 
that parallel lines cannot meet and that if they are crossed by a 
third line the difference in direction or the angle must be the 
same at both crossings. Vertical angles are then proved equal, 
which makes available all the propositions about parallel lines 
cut by a transversal. The converses are left until the three angles 
of a triangle are proved equal to 180° and are then made to de- 
pend on that fact. Attention is called to the turning of a vehicle 
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by backing and going forward which is a practical proof that the 
three angles of a triangle equal 180. A vehicle going around a 
circle demonstrates the fact that the sum of the exterior angles 
must be 360 for any number of sides. 

These facts permit the use of a long series of problems that 
demand reasoning with the simple axioms without introducing 
the longer proofs using congruent triangles. 

After congruent triangles have been introduced and the three 
main cases proved, construction problems are more effective for 
their exercise than propositions. That is, taking the problem of 
biseeting an angle, the pupil is more impressed with what are 
ealled the given facts if they are true because made true by some 
other pupil or the teacher. There is more of reality to the prob- 
lem if one student is asked to bisect an angle that the teacher 
has drawn and he or another student is asked to prove that what 
he has done will make the two parts necessarily equal. Other 
standard constructions ean be used in this way and many propo- 
sitions ean be brought in. The various ways of constructing a 
square is a good exercise for the purpose. It cultivates observa- 
vation to be ruled out for saying something was done that was 
not done. The parallelogram can be introduced in this way. 
The order of the remaining propositions is not important. 

This order of introduction of the beginning propositions is 
preferable to any that I have found. The ‘pons asinorum’ in the 
modern teaching of geometry is the argument of the equality of 
corresponding parts of congruent triangles. This is met ordi- 
narily when all the newness of geometry is fresh upon the student 
and it is an advantage to put it off for a month. In this month, 
the teacher, the student and the argumentative method get bet- 
ter acquainted and congruent triangles can be assailed in better 
formation. The facts about the angles of polygons are a more 
impressive set of facts to the student than those ordinarily taken 
up first which are usually no news at all. Also, proving the 
proposition about the angles of a triangle so early relieves the 
awkwardness of the proof of several propositions that is so evi- 

dent in some geometries. 

It is inconvenient to try this without a book embodying the 
idea, but an experienced teacher who is not afraid of getting off 
the beaten path will find relish in trying any modification of it 


that may seem best. 


A SUPPLEMENTARY PROJECT IN FUNCTIONAL 
GRAPHS 


By J. S. GEORGES 
University High School, Chicago 

A supplementary project in Mathematics may be used effec- 
tively as a means of inspiring those students who display mathe- 
matical ability and show special interest in the subject, and of 
interesting those who take Mathematics as a required subject, 
but have not developed any particular interest in it. It offers 
to the latter a glimpse into the more pleasant aspects of the sub- 
ject not ordinarily included in a text book, and to the former it 
opens new channels of mathematical interest, creates a desire for 
the acquisition of further and more extensive mathematical 
knowledge. The student who voluntarily, or at the suggestion 
of his instructor, undertakes to do a supplementary project in 
connection with his classroom work, is offered a splendid oppor- 
tunity for the formation of the habit of independent thinking, 
and for acquiring the ability of reading comprehensively mathe- 
matical literature. Under proper guidance he lays the founda- 
tion for future research work. 

Unfortunately the subject of supplementary project is not 
treated adequately in mathematical literature, in fact, it is hard- 
ly mentioned, and often the teacher who feels the need of supple- 
menting his elass-room work, whatever be his motive, is handi- 
capped because of this lack of useful material. There is no 
organized material available. The few text books on general 
mathematics could hardly be said to furnish easy reading matter 
to the high school pupil who is just entering the threshold of 
Algebra or Geometry. And the help he may obtain from mathe- 
matical journals along this line is very limited. He is thus 
thrown upon his own resources. Nevertheless, if he has an ade- 
quate training in his subject, enthusiasm in his work, and willing- 
ness to promote the welfare of his class in Mathematics, he will 
find the field of Mathematies rich and varied in useful material 
for supplementary project work. Many classical problems of the 
elementary type, original and specially devised problems, or 
even problems of more advanced types, whose solution is not too 
difficult by means of the already accumulated information, may 
be used to advantage. 
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The subject of graphs, that is, the graphical representation 
of the functional concept, furnishes a rich field of investigation 
of the elementary type, which is both interesting and instructive 
to the student desiring to do supplementary work. The graphical 
representation of numerical facts and relationships by means of 
the geometric line segments and curves is important in Mathe- 
matics and should be emphasized, and at the same time is also 
very interesting to the child. The notion is not altogether new to 
him, having become familiar with it from newspapers and maga- 
zines, and the principles underlying this representation are 
readily understood and are tacitly assumed without much diffi- 
culty. It may be used by the beginner who is familiar with the 
bar graph or the continuous line graph to represent unrelated 
or related facts. Later on after the study of the equation and 
the formula, the graph is still of vital importance in the inter- 
pretation of the linear, quadratic, or cubie equation. Drawing of 
pictures is especially interesting to the child, and this geometric 
picturing of the algebraic notions not only keeps up his interest 
in the subject, but also impresses upon his mind the true union 
of these two apparently separate branches of Mathematies. His- 
torically this fusion of Algebra and Geometry is of special inter- 
est to the mathematician and the student should not wait until 
he is in college or doing graduate work to appreciate the full 
significance of it. 


The following project worked out by a junior high school pupil 
should suggest the type of supplementary work possible in this 
field. The project was assigned to six students at the end of the 
unit on Functions, which takes up direct and inverse variation, 
the functional representation, and evaluation of functions both 
by substitution and by the synthetic division, and the functional 
graph. The text book used was Breslich’s ‘‘Junior Mathe- 
maties,’’ Book III. All of the pupils were very enthusiastic in 
their work and seemed to derive a great deal of pleasure in their 
ability to trace new and advanced curves. The one reproduced 
here is selected for its brevity and it is typical of the kind of 
work handed in. 


Subject: The Graphs of Cubie Functions. 
Name: Robert E. Ascher, Junior Mathematics, Course III. 


Instructor: Mr. Georges. 
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The graph of the linear function, such as f(x) = gx + 5, is 
always a straight line, while that of a quadratie function, such as 
f(z) = 22? < 3, isa parabola. The graph of the cubic function 
is generally a curve which crosses the x-axis in three places. In 
this paper some unusual cubic curves are produced which differ 
in shape from the general cubic. 

In graphing a cubic function usually nine points are needed. 
First make a table with arbitrary values for x and the corres- 
ponding values for f(z). The values of f(x) may be found 
either by substituting the value of x in the expression, or by using 
the method of synthetie division. Next select a set of axes and 
choose a convenient unit to plot the pairs of values. Finally 
join the points together with a ‘‘smooth’’ curve. 


Fig. I 
Figure I is the graph of the eubie function y — 23 — 2z* 
— 5x + 6. It intersects the x-axis in three points, at x = 1, 
x = 3, and x = 2, which are the solutions of the equation 
z* — 277 — 52 +6=—0. 


Fig. Il 
Figure II is the graph of y = 22°. The curve crosses the 
z-axis only once, atz—=0. The three points are brought together. 
This curve is called ‘‘cubical parabola.’’ 
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Fig. III 


Figure III is the graph of y? = 4x°. The graph of this cubic 
function is of an entirely different shape. All of the curve is to 
the right of the y-axis. It has a sharp point at the origin. It is 
called ‘‘euspidal cubic.’’ We can’t use negative values for x 
for we can’t extract the square root of negative numbers. 


Figure IV is the graph of y? = z* — 4x. This is still another 
type of cubic function and there is one place on the graph (at 
origin) where it does not connect with the rest of the graph at 
all. The point at the origin is called a ‘‘conjugate’’ point. It 
intersects the z-axis at r = 4. 
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Fig. V 


Figure V is the graph of y? — 2x? + 2°. This curve makes 
a loop with the knot at the origin. It intersects the x-axis at the 
origin and at r = —2. This curve is called ‘‘nodal cubic.’’ 


Fig. VI 


Figure VI is very interesting. It is the graph of a quartic 
function y* — xz? — zx‘. The curve is like the figure eight. It 
crosses the z-axis at = + 1 and the origin. 
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THE OLDEST ALGORISM IN THE FRENCH LANGUAGE 


ANNA ELIZABETH HOUGHTALING AND 
FRANCES MARGUERITE CLARKE 


Introductory Note 


The oldest French Algorism' known to be extant is in the 
Bibliothéque Sainte Geneviéve, Paris. There is in the Bibli- 
othéque Nationale another manuscript of a very similar nature 
but of a later date. Both are of unknown authorship and both 
are of the thirteenth century.” 

The former work consists of folios 150, r-151, r;* the latter, of 
folios 154, r- 155, r. Since the two are similar in content, fa- 
miliarity with the latter facilitates the reading of the former, 
for the French of the manuscript in the Bibliothéque Nationale 
is more modern in style. In spite of the fact that the two ver- 
sions are available, the translation of either is exceedingly diffi- 
eult in parts, the author being only vaguely familiar with his 
subject and writing so confusedly that the maze seems in one in- 
stance well-nigh hopeless. 

There are four divisions of the algorism; (1) a treatment of 
numbers, (2) a consideration of the six fundamental processes, 
(3) division by the galley method, and (4) extraction of cube 
roots. The last two are not very clear and are not wholly correct. 

Since no version of the manuscript seems to exist in any mod- 
ern language (the French being far from the present form), 
and since the work is historically so important in the history of 
education as well as the history of arithmetic, the following trans- 


A paper prepared in Professor David Eugene Smith’s Practicum in The 
History of Mathematics, (1924-25). 

1 Mohammed ibn Musa al-Khowarizmi, mathematician of Bagdad, c 835 
A. D., wrote a treatise on arithmetic. Robert of Chester or Adelard of Bath 
translated and gave it the title of “Algoritmi de Numero Indorum” (Al- 
goritmi was the nearest Latin spelling of the name al-Khowarizmi, meaning 
the man from Khwarezm). The various forms of algorism, augorism, etc., 
derived from Algoritmi, were applied to any study of numbers. Smith, 
History of Mathematics, 1, 170; Il. 9. 

2 See the Boncompagni Bulletino XV, 53, and the Bibliotheca Mathematica, 
IX (3), 60. The date of a manuscript is determined by the handwriting. 
This is not difficult since the handwriting is distinctive for the period. 

3When medieval manuscripts were bound, only the folios were numbered 
on what we would call the right-hand page. The right-hand page of folio 
150, for example, is commonly referred to as “150 r” (recto), the reverse side 
of the leaf being referred to as “150 wv” (verso). 
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lation has been made. It is as literal as circumstances seem to 
warrant, but, as already stated, the author himself was so con- 
fused in one or two places that no translation can serve to show 
what he could have meant. The notes are intended to clarify 
the reading as much as possible, but in some instances offer only 
a possible solution to the author’s thought. 


Translation 

Algorism is any representation using such symbols as the 
figures 9, 8, 7, 6, 5, 4, 3, 2, 1. The first is 1, the second 2, the 
third 3; and so on for the others up to the last which is called 
the cipher 0.1 

Any of the numbers written in the unit’s place has its original 

value ; in the ten’s place, ten times its original value; and in each 
succeeding place, a value ten times greater than in the place pre- 
ceeding. The cipher has no intrinsic value, but attached to any 
number it indicates a multiple of that number. 
There are three types of numbers,—the digit, the article. and 
the composite. Numbers from 1 to 9, inclusive, are called digits; 
10 and multiples of 10 are called articles; and combinations of 
articles and digits, such as 11, 12, 13, ete., are termed composites. 
If a number is a digit, it is written alone; if an article, the 
cipher is written first?, and then the article; if a composite, the 
digit first, and then the article. 

There are six parts to algorism: addition, subtraction, dupla- 
tion, mediation, multiplication, and division. In addition or sub- 
traction, begin at the right; in duplation, multiplication, or di- 
vision, begin at the left. 

In addition, write the greatest number above and the lesser 
below so that the first figure of the smaller number is beneath 
the first figure of the greatest number; then write the other 
figures in similar order. If there are more figures following, 
add the first two. If the sum is a digit, write it in line with the 
figures above; if an article, write the zero separately, and then 
write the article with the figures above in order. 


1 Writing numbers from right to left is due to the Arabic influence. 
The name cipher is apparently from the Sanskrit sumya (void), through 


the Arabian sifr. 
The zero (0) itself appeared in India at least as early as the 9th century 
and is probably of Hindu origin. Smith, History of Mathematics, Il, 69, 71. 
2 Beginning at the right. 


| 
| 
| 
| 
| 
| 


OLDEST ALGORISM IN FRENCH LANGUAGE 181 


Division should not result in a quotient exceeding 9.1 You 
get one number for each time you divide. Place it beneath the 
first figure of the number beneath your number; then rewrite 
the figures of the lower number until the upper is greater than 
the lower,’ finally dividing the number above, as you did before. 
Write the number which indicates how many times the upper 
number is divided by the lower.® 

When in division the number above is less than the number 
beneath,* place this number elsewhere.® Prove the work by mul- 
tiplication. If the division is correct, multiplication of the di- 
visor, and addition of the number (remainder) will give the first 
number.® This proves the accuracy of the work. 


Any number multiplied by itself [eubieally] isa cube. To find 
the cube [root] of any square’ number, first write the number, 
then under the last figure of a thousand write a digit that multi- 
plied by itself eubically, destroys (with respect to this number 
underneath) the number above as much as possible.S Cut it off,® 


1 That is, no figure in the quotient can exceed nine. 


2 This is easily seen in the galley method of dividing, then in use. 

8 To divide 1,140 by 95 write 95 beneath the 1,140. 

Ninety-five is contained in 114 one time. Therefore 1 is the first 1140 
figure in the quotient. Then 1 X 9 = 9. This is subtracted from 95 
the 11, and the 2 (being the remainder) is placed above the 11. 
Then 1 X 5 = 5S. This is subtracted from 24. 


The 19 is placed above the 24. Then the 95 is written as shown. 1 
Since 95 is contained in 190 twice, 2 is the second figure in the 29 
quotient. 1140 

2X 9 = 18 19— 18 = 1 955 
2X 5 = 10 10— 10 = 0 
9 
9 
380 

*To divide 1,230 by 95, the work would appear as follows: 1230 
The remainder is 90. (The number above is less than the number 955 
beneath.) 

9 


5 That is, move it one place to the right. 

6 That is, quotient times the divisor, plus the remainder. equals the divi- 
dend. 

7 The writer meant “cubic.” 


8 For example, to find the cube root of 2197: Write 2197; under 2, the 
figure at the left, write a number whose cube, when subtracted from 2, 
gives a number as nearly zero as possible. In this case subtract 1 (the number 
is really 10). Cubing the 1 and subtracting the result from 2 leaves 1197. 


® Cut it off means that from a? + 3a2b + 3ab2 + b3 we tage away a°. 


182 THE MATHEMATICS TEACHER 


treble it,’ and place it two points in advance.* Now place the 
sub-treble below the treble.’ Then place a new digit in front of 
the treble* which with the sub-treble multiplies the treble; then 
multiply the sum resulting by itself, and subtract it from the 
treble.” Take the digits by themselves cubically and subtract 
from the digits.° Cut off the digit,’ treble it and place it two 
points in advanee. Finally take a new digit which with the sub- 
treble multiplies the treble, and then square this sum, and sub- 
tract it from the last. Treble the digit, cube it, and subtract it 
from the digit. Continue the process thus, to the end. The 
number so operated on is a cube. The root is the sub-treble 
and the last digit found; multiply this by itself cubieally and 
you will have again the original number. If there is any re- 
mainder the proposed number is not a cube, but you have the 
greater beneath. Cubing the root and adding the remainder 
will give the original number. If in trebling the digit no articles 
are formed, follow the rules of duplation.* If work with the 
trebled number is impossible, place a cipher for the digit; then 
write it and work as before. If there is only a cipher place a 0 
for the digit ; subtract it and place a 0. Place a 0 under the digit, 
and a 0 in line with the sub-treble. If this number whose root 
is to be taken has but two or three figures, at the right under the 
first figure, place a digit that multiplied by itself cubically de- 
stroys the number above as much as possible. The digit is then 
the root of the number. 


1 To treble is to multiply it by 3. The process is really to take 3a?. 


2To place it two points in advance means that, since we really have 
3 X 10%, instead of 3 X 1, we have not 3, but 300, the 3 being two more 
places to the left than in the case of 3. 


3 To place the subtreble below the treble seems to mean that we are to 
place 3a after (below numerically) the 3a?. 

4 That is, by dividing find b and place this (the “new digit”) before (to 
the right of, algebraically expressed) the 3a, giving 3a” + 3ab., The rest of 
the statement probably means that he multiplies 3a + 3ab + b? by b, as in 
algebraic cube root; but it is evident that he does not understand the process. 


5 This would seem to mean that 3ab + 3ab? + 5° is now subtracted 
from the cube. 


® The cube of the first part is subtracted from the given cube. 
7 Apparently he now repeats the process in order to find the third figure. 


8 This seems to mean that duplation may be used in case of trouble in 
multiplying, but the expression as it stands is meaningless. 
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The author thus abruptly ends his treatise. Although it is 
evident that he was hopelessly confused in some parts of this 
manuscript, especially the latter, it is worthy of consideration, 
first because of the unique place it holds as the oldest French 
treatise on algorism; secondly because it offers an interesting 
example of the early use of one as a number and also the use 
of the French word ‘‘assembler’’ for our process of addition. 
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A MATHEMATICS TEACHER'S CREED 


I believe in oral work, and in lots of it. 

I believe in blackboard demonstrations, by the teacher and the 
class. 

I believe in anticipating difficulties and in forestalling them. 

I believe in the inductive-development method of teaching. 

I believe in motivation. 

I believe in making encouraging remarks very frequently. 

I believe in preparing and using devices. 

I believe in competitions, especially in competing against one- 
self. 

I believe in giving marks rather than in taking marks from 
pupils. 

I believe in real, concrete problems. 

I believe in problems without numbers. 

I believe in frequent drills in all grades in the fundamentals. 

I believe in giving pupils helps to remember. 

I believe in making reasonable statements in problems. 

I believe in correcting every bit of written work done by the 
pupils. 

I believe in teaching without a text-book whenever possible. 

I believe in supervising the pupils’ work as they do it. 

I believe that the slow pupils need not work as many examples 
as the fast workers. 

I believe in cultivating the habit of checking all solutions. 

I believe in estimating all answers. 

I believe in approximations. 

I believe in writing the ‘‘data’’ and the ‘‘required”’ in diffieult 
problems. 

I believe in the simplest method of solution of all problems. 

I believe in rapid work. 

W. P. Percrvau, 
Macdonald College, Canada. 
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‘*What New York City is Doing for Dull-Normal Pupils.’’ 
Ralph E. Pickett, School of Education, New York University. 
The Chicago Schools Journal, January, 1926. (Read before the 
National Voeational Guidance Association at Cincinnati, Febru- 
ary, 1925.) 

The author refers to the work of Seward Park Junior High, 
Textile High School, and the Manhattan Trade School for Girls, 
where some definite progress seems to be made in fulfilling the 
obligation of the schools with respect to those who are usually 
crowded out through failure and who often become a menace to 
society. 

The dull-normal pupil is roughly defined as one who ‘‘is too 
dull to be called of normal intelligence and yet too normal to be 
called a moron, an imbecile, or something worse,—one whose I. Q. 
is probably between 75 and 95.’’ It is for this type of pupil that 
we have either sapped our course of study of its vitality, or we 
have assumed that we ought not try to educate him. 

While the highest type of academic education is suited to the 
training of the stronger pupils, as a preparation for leadership in 
life, the author urges, ‘‘Let us disabuse our minds of the tra- 
dition that the only real education is academic education, and 
that only those who can profit by such have a right to be edu- 
cated. Let us realize our duty to all the children and let us 
avoid in future the waste of a useless expenditure of millions 
of dollars and countless precious hours in an attempt to force 
a mass of children to master that which they cannot master and 
ought not to be expected to master.’’ 

A. D. 


The History of Arithmetic by C. L. Karpinski. Rand, McNally 
& Company, 1925. Pp. 200 + xii. Price $2.00. 

The purpose of this book is to provide the teacher of arithmetic 
with a short, readable discussion of the topics she teaches. The 
volume begins with a description of systems of numerals other 
than our own, and the form that arithmetic operations assumed 
in the case of certain of them. The history of Hindu Arabic 
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numerals is then introduced, and, after a digression into the sub- 
ject of notable textbooks in arithmetic, the development of arith- 
metie operations with these numerals is treated. Subsequent 
chapters deal with fractions, business arithmetic, terminology, 
denominate numbers, and the teacher and the teaching of arith- 
metic. 

The work is well illustrated and the author has been clever in 
calling the reader’s attention to salient points in the cuts in the 
notes that accompany them. 

The chapter on textbooks in arithmetic includes a biliography 
of works printed in America prior to 1800. This is especially 
useful in that the libraries where these volumes may be found 
are listed. 

The book ineludes much information that should be of value 
to the teacher of arithmetic, but it is disappointing in certain 
respects. Professor Karpinski tends to make assertions without 
giving the material needed to make his conclusions of the greatest 
use to his readers. For example, under the eaption ‘‘ History 
reflected in arithmetic,’’ the author states that the textbooks 
printed in the Revolutionary and Civil War periods are especially 
rich in showing the way contemporary conditions were utilized 
in problem material, but, instead of illustrating this by concrete 
instances, he passes to a discussion of the fact that the textbooks 
printed in Colonial America reflect the nationality of the various 
groups of settlers in the languages in which they appear. This 
last point is well taken and well substantiated, but the bibli- 
ography that follows will be useful to but few, whereas a fuller 
treatment of the earlier point would be useful to many. 

Such a work is informative rather than controversial, yet when 
Professor Karpinski says that the Roman pound sometimes con- 
tained sixteen ounces, it would be interesting to know the source 
of his information. Where his spelling of proper names departs 
from that given in such standard works as Professor David 
Eugene Smith’s two volume History of Mathematics, it would be 
desirable to know the reasons that prompted this usage. 


VeRA SANFORD, 
The Lineoln School. 
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High School Libraray, Springfield 

Southwest Missouri, State Teachers College, Springfield 

Lulu Wolford, 715 Belmont, Springfield 

Miss J McMullen, Tarkio 

Library, State Teachers College, Warrensburg 

George E. Masters, High School, Webb City 


MONTANA 


Wilhelmina M. Spingler, 407 N. 33rd Street, Billings 
Butte High School Library, Butte 

Stephanie Berthot, 820 Gerald Avenue, Missoula 
Library, State University of Montana, Missoula 
Gertrude Clark, 300 Keith Avenue, Missoula 
Adeline M. Barrett, Box 7, Winnett 


NEBRASKA 
Ada Beckman, Burr 
Nebraska State Normal School, Chadron 
Henrietta Raney, Kramer High School, Columbus 
Elizabeth Hall, Edgar 
Daisy Portenier, Edgar 
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L. E. Hunkins, Exeter High School, Exeter 

L. Leona Sparks, Franklin 

Grand Island College, Grand Island 

R. M. McDill, 119 E. Seventh Street, Hastings 

Maude Stewart, Johnson 

Library, State Teachers College, Kearney 

Mary F. Jackson, 1546 E. Street, Lincoln 

Stella B. Kirker, 636 So 17th Street, Lincoln 

University of Nebraska Library, Station A, Lincoln 

American Educational Digest, 1126 Q Street, Lincoln 

Miss J. Wible, 445 S. 28th Street, Lincoln 

Grace McMahon, 2244 A Street, Lincoln 

Whittier Junior High School, 22nd and Vine Streets, Lincoln 

Mary B. Edgington, 203 Metropolitan Apts., Lincoln 

Winona M. Perry, School of Education, University of Nebraska, Lincoln 

Mrs. R. O. Bean, Lorenzo 

Fred D. Schneider, Loap City 

Supt. J. R. Vinckel, Lyons 

McCook Public School, McCook 

Edith Saal, 1303 Park Avenue, Nebraska City 

Ruth A. Trott, Box 384, North Bend 

Maybel Burns, Central High School, Omaha 

Miss R. H. Frankish, North High School, Omaha 

Mr. H. A. Smith, North High School, Omaha 

Helen E. Robinson, North High School, Omaha 

Pearl McCray, North High School, Omaha 

Mildred O. Morris, North High School, Omaha 

Mr. N. V. Franklin, North High School, Omaha 

Mr. C. E. Severyn, North High School, Omaha 

Olive Boyles, Central High School, Omaha 

Pearl Judkins, 5802 Rees Street, Omaha 

Martina Dishner, O'Neill 

Frances L. Skipton, Box 215, Oxford 

Library, Normal & Teachers College, Peru 

Edna E. Brown, Route 4, Plainview 

Clara E. Weyrich, 510 Granite Street, Plattsmouth 

Supt. R. T. Fosnot, Schuyler Public Schools, Schuyler 

Genevieve O’Brien, Steinauer 

Library, Nebraska Wesleyan University, University Place 

M. Gladys Hayden, Principal High School, 20th & N. Street, University 
Place 

J. M. Howie, 420 E. 14th Street, University Place 


NEVADA 
H. F. Johnson, Wisner 
Clark Co. High School, District No. 2, Las Vegas 


NEW HAMPSHIRE 
Walter E. Haley, P. O. Box 136, Berlin 
Nellie R. Locklin, Box 46, Colebrook 
Elizabeth S. Sargent, 101 Centre Street, Concord 
Miss Helen L. Plumer, Derry Village 
Library, University of New Hampshire, Durham 
Geo. H. Selleck, Phillips Academy, Exeter 
Mr. H. L. Sweet, Phillips Academy, Exeter 
Miss Emily W. Tapley, Robinson Seminary, Exeter 
Ezra P. Rounds, Phillps Academy, Exeter \ 
Dr. Bancroft Brown, Dartmouth College, Hanover 
State Normal School, Keene 
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Susie B. Farmer, 20 Marlboro Street, Keene 

Randolph C. Blodgett, Senior Master K. U. A., Meriden 
Joseph A. Wiggin, High School, Newport 

Eleanor Batchelder, 10 Pleasant Street, Penacook 
Portsmouth High School, Islington Street, Portsmouth 


NEW JERSEY 
Martha E. Parkhill, 808 Emory Street, Asbury Park 


Prin. Glen C. Heller, Junior High School, Ohio & Pacific Avenues, 
Atlantic City 


(To be continued) 


Rushmer and Dence’s 
High School Algebras 


By C. E. Rusumer, Central High School, Binghamton, N. Y. 
and C. J. Dence, Central High School, Syracuse, N. Y. | 


FIRST COURSE $1.24 SECOND COURSE $1.28 


Among their chief features are: (1) Simplified 
subject matter; (2) Close relation between arithme- ! 
tic and algebra; (3) Increased use of formulas and 
graphs; (4) Postponement of negative idea of number 
until the fundamental operations with positive numbers 
are learned; (5) Problems related to everyday experi- 
ences or applied to geometry and physics. 


American Book Company 


New York CINCINNATI CHICAGO Boston ATLANTA 


{| When you use 


Young & Schwartz’ 


PLANE GEOMETRY and SOLID GEOMETRY 


the study of these subjects 
is not a mere memory process but 
a training in correct thinking. 


HENRY HOLT AND COMPANY 


One Park Ave., New York 2451 Prairie Ave., Chicago 
6 Park St., Boston 149 New Montgomery St., San Francisco 
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